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Abstract

We consider the problem of estimating the average treatment effect (ATE) in a semi-

supervised learning setting, where a very small proportion of the entire set of obser-

vations are labeled with the true outcome but features predictive of the outcome are

available among all observations. This problem arises, for example, when estimat-

ing treatment effects in electronic health records (EHR) data because gold-standard

outcomes are often not directly observable from the records but are observed for a

limited number of patients through small-scale manual chart review. We develop an

imputation-based approach for estimating the ATE that is robust to misspecification of

the imputation model. This effectively allows information from the predictive features

to be safely leveraged to improve efficiency in estimating the ATE. The estimator is

additionally doubly-robust in that it is consistent under correct specification of either

an initial propensity score model or a baseline outcome model. It is also locally semi-

parametric efficient under an ideal semi-supervised model where the distribution of

the unlabeled data is known. Simulations exhibit the efficiency and robustness of the

proposed method compared to existing approaches in finite samples. We illustrate the

method by comparing rates of treatment response to two biologic agents for treatment

inflammatory bowel disease using EHR data from Partners’ Healthcare.

K E Y W O R D S

causal inference, double-robustness, missing data, semiparametric efficiency, semi-supervised learning,

surrogate outcomes

1 INTRODUCTION

There is often interest in estimating the average treatment

effect (ATE) of a binary treatment 𝑇 on an outcome 𝑌 that is

observed among a very limited subset of observations but can

be approximated by surrogate variables𝐖 available among all

observations. As a motivating example, we consider compar-

ing the outcomes of two treatments in electronic health record

(EHR) data, where 𝑌 can be a clinical outcome of interest not

directly encoded in patients’ medical records and 𝐖 are post-

treatment features that can be automatically extracted from the

charts, such as the receipt of billing or procedure codes and

mentions of selected terms from physicians’ notes. Although

different study designs are possible, we assume for pheno-

typing purposes 𝑌 is collected for a small random subset

of all patients, which constitute the labeled data ℒ, through

manual chart review. It may not be possible to comprehen-

sively label the data because chart review is a costly and time-

consuming process.

A common strategy for analyzing such data is to use the

surrogates 𝐖 to approximate 𝑌 by some imputed outcome

𝑌 † = 𝑔(𝐖). The imputation can be based on heuristic rules

determined by domain-specific knowledge (eg, presence of

certain set of diagnostic codes) or an imputation model that
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predicts 𝑌 given 𝐖 trained using the labeled data ℒ, which

includes observations of both 𝐖 and 𝑌 (Ananthakrishnan

et al., 2016). However, for complex outcomes it may be diffi-

cult to obtain an accurate imputation 𝑌 † because 𝐖 have lim-

ited predictive power or the functional form of the imputation

model may be difficult to correctly specify. When the imputa-

tion quality is inadequate, it is often unclear whether using the

inaccurate imputations 𝑌 † in subsequent analyses can lead to

biased estimates of the ATE on the actual outcome 𝑌 .

Previously, related methods have been developed in the

surrogate outcomes literature to leverage both the labeled

data ℒ and the unlabeled data 𝒰, which includes all vari-

ables in ℒ except for 𝑌 , for estimating regression parame-

ters (Pepe, 1992) and solutions to estimating equations (Chen

et al., 2003). But these methods tend to assume a univari-

ate surrogate with low-dimensional baseline covariates 𝐗.

Alternatively the problem can be viewed as estimating the

mean of a longitudinal outcome subject to monotone miss-

ingness, where 𝐖 is an outcome at an initial time point and

𝑌 is the final outcome. In this context, semiparametric effi-

ciency theory has been developed to identify efficient esti-

mators under various semiparametric models (Robins et al.,

1994; Rotnitzky et al., 1998), which has lead to development

of doubly-robust (DR) augmented inverse probability weight-

ing (AIPW) estimators in different problems (Davidian et al.,

2005; Williamson et al., 2012; Zhang et al., 2016). In particu-

lar, Davidian et al. (2005) develop such an efficient estimator

for estimating the effect of a randomized treatment where the

final outcome is subject to missingness but intermediate out-

comes are collected for all patients. With some minor modifi-

cation this estimator could also leverage the unlabeled data 𝒰

to aid estimation of the ATE, and we consider it as a reference

method in the simulations. However, this method was devel-

oped under a data model commonly employed in missing data

problems with independent and identically (iid) observations

and a probability of missingness that is bounded away from 0.

The data model we consider here differs in that: (1) we assume

that the number of labeled observations 𝑛 is fixed by design,

and (2) we make a semi-supervised assumption that the pro-

portion of labeled data 𝜈𝑛 tends to 0 as 𝑛 → ∞, to reflect the

large size of 𝒰 relative to that of ℒ. These features compli-

cate conventional applications of semiparametric efficiency

theory, and the efficiency and finite sample performance of

existing estimators may not be clear.

In this paper, we propose a semi-supervised (SS) estimator

for the ATE based on an imputation followed by IPW. It is

doubly-robust and locally semiparametric efficient under an

ideal model approximating the data distribution of the semi-

supervised setup. The imputations are constructed such that

the resulting estimator is robust to misspecification of the

imputation model, enabling 𝒰 to be safely used to improve

the estimation. We further employ a double-index propen-

sity score (Cheng et al., 2019) for additional robustness and

possible small-sample efficiency gains. The remainder of the

paper is organized as follows. We formalize the SS estima-

tion problem in Sections 2.1 and 2.2 and develop the estima-

tor in Sections 2.3-2.5. A perturbation resampling procedure

is proposed in Section 2.6 for inference. Section 3 presents

simulations showing the robustness and efficiency of the pro-

posed estimator, and Section 4 applies the method to compare

two biologic therapies for treating inflammatory bowel dis-

ease (IBD) in EMR data from Partners’ Healthcare. We con-

clude with some remarks in Section 5. Proofs are deferred to

the Web Appendices.

2 METHOD

2.1 Notations and semi-supervised
framework

Let 𝑌 denote an outcome, 𝑇 ∈ {0, 1} a binary treatment, 𝐗

a 𝑝𝑥-dimensional vector of pre-treatment baseline covariates,

𝐖 a 𝑝𝑤-dimensional vector of post-treatment surrogate vari-

ables that are potentially predictive of 𝑌 , and 𝐕 = (𝐖𝖳,𝐗𝖳)𝖳.

For example, in the EHR context, 𝐗 may include demo-

graphics and prior comorbidities that may confound naive

associations between 𝑇 and 𝑌 , while 𝐖 may be counts of

post-treatment codes or terms. The labeled data consist of

𝑛 iid observations ℒ = {(𝑌𝑖, 𝑇𝑖,𝐕
𝖳

𝑖
)𝖳 ∶ 𝑖 = 1,… , 𝑛}, while

the unlabeled data consist of 𝑁 − 𝑛 iid observations without

𝑌 , 𝒰 = {(𝑇𝑖,𝐕
𝖳

𝑖
)𝖳 ∶ 𝑖 = 𝑛 + 1,… , 𝑁}, with 𝒰 ⟂⟂ ℒ and

𝑛 and 𝑁 fixed. We assume that 𝑛 observations were ran-

domly selected for labeling so that 𝑌 is essentially missing

completely at random (MCAR) from observations in 𝒰. In

the SS setting, 𝑁 ≫ 𝑛 so that 𝜈𝑛 = 𝑛∕𝑁 → 0 as 𝑛 → ∞.

The entire observed data 𝒟 = ℒ ∪𝒰 could thus be framed

as 𝒟 = {(𝐿𝑖, 𝑌𝑖, 𝑇𝑖,𝐕
𝖳

𝑖
) ∶ 𝑖 = 1,… , 𝑁}, where 𝐿 is an

indicator of labeling such that 𝑌 = 𝑌 when 𝐿 = 1 and 𝑌 is

an arbitrary value otherwise with 𝐿 ⟂⟂ (𝑌 , 𝑇 ,𝐕). But unlike

traditional missing data frameworks, 𝐿 is constrained such

that
∑𝑁

𝑖=1 𝐿𝑖 = 𝑛, where 𝑛 and 𝑁 satisfy 𝜈𝑛 = 𝑛∕𝑁 → 0.

2.2 Target parameter and leveraging
unlabeled data

Let 𝑌 (1) and 𝑌 (0) denote the counterfactual outcomes had

an individual received treatment or control. Based on the

observed data 𝒟 we want to estimate the ATE:

Δ = 𝔼{𝑌 (1)} − 𝔼{𝑌 (0)} = 𝜇1 − 𝜇0. (1)

We require the following standard assumptions to identifyΔ:

𝑌 = 𝑇𝑌 (1) + (1 − 𝑇 )𝑌 (0) (2)
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(𝑌 (1), 𝑌 (0)) ⟂⟂ 𝑇 ∣ 𝐗 (3)

𝜋(𝐱) ∈ [𝜖𝜋 , 1 − 𝜖𝜋] for some 𝜖𝜋 > 0 when 𝑓 (𝐱) > 0, (4)

where 𝜋(𝐱) = ℙ(𝑇 = 1 ∣ 𝐗 = 𝐱) is the PS and 𝑓 (𝐱) is the joint

density for the covariates. In the typical setting where the out-

come is fully observed, the ATE can be identified through the

g-formula (Robins, 1986) for a point exposure:

Δ = 𝔼{𝜇1(𝐗) − 𝜇0(𝐗)} = 𝔼

{
𝐼(𝑇 = 1)𝑌

𝜋(𝐗)
−
𝐼(𝑇 = 0)𝑌

1 − 𝜋(𝐗)

}
,

(5)

where 𝜇𝑘(𝐱) = 𝔼(𝑌 ∣ 𝐗 = 𝐱, 𝑇 = 𝑘) for 𝑘 = 0, 1. This sug-

gests the usual estimators based on averaging the outcome

weighted by IPW weights or averaging estimated outcome

models. When the outcome is missing but surrogates 𝐖 are

observed, the more general g-formula for longitudinal studies

can be applied to show that

Δ = 𝔼
[
𝔼{𝜉1(𝐕) ∣ 𝐗, 𝑇 = 1} − 𝔼{𝜉0(𝐕) ∣ 𝐗, 𝑇 = 0}

]

= 𝔼

{
𝐼(𝑇 = 1)𝜉1(𝐕)

𝜋(𝐗)
−
𝐼(𝑇 = 0)𝜉0(𝐕)

1 − 𝜋(𝐗)

}
,

where 𝜉𝑘(𝐯) = 𝔼(𝑌 ∣ 𝐕 = 𝐯, 𝑇 = 𝑘, 𝐿 = 1) = 𝔼(𝑌 ∣ 𝐕 =

𝐯, 𝑇 = 𝑘) for 𝑘 = 0, 1. This decomposition suggests that, if a

consistent estimator for 𝜉𝑘(𝐯) is available, then Δ can be esti-

mated by first imputing 𝑌 through the 𝜉𝑘(𝐯) estimator and then

applying IPW or outcome regression methods to the imputed

outcome. However, obtaining a consistent estimator for 𝜉𝑘(𝐯)

may not be feasible without strong modeling assumptions due

to the potential high dimensionality of 𝐯 and complexity of the

functional form of 𝜉𝑘(𝐯). In the following we show that even

with incorrectly specified models for 𝜉𝑘(𝐯), it is still possible

to leverage 𝒰 in estimating Δ without introducing bias from

their misspecification.

2.3 Robust imputations

Let 𝑈𝜋 = 𝐼(𝑇 = 1)∕𝜋(𝐗) − 𝐼(𝑇 = 0)∕{1 − 𝜋(𝐗)} denote a

utility covariate given 𝜋(𝐱), assumed momentarily to be

known. We now argue that inclusion of such a covariate in

an imputation model yields imputations that are robust to mis-

specification of the model. Suppose we postulate a parametric

working model, possibly misspecified, for 𝜉𝑘(𝐯):

𝜉𝑇 (𝐕) = 𝑔𝜉(𝛾0 + 𝜸𝖳
1
𝐡(𝐕) + 𝛾2𝑇 + 𝛾3𝑈𝜋) = 𝑔𝜉(𝜸

𝖳𝐙𝜋), (6)

where 𝜸 = (𝛾0, 𝜸
𝖳

1
, 𝛾2, 𝛾3)

𝖳, 𝐙𝜋 = (1,𝐕𝖳, 𝑇 , 𝑈𝜋)
𝖳, 𝑔𝜉(⋅) is a

specified link function, and 𝐡(⋅) is a vector of fixed basis

expansion functions that can incorporate nonlinear effects.

Interactions between 𝐡(𝐕) and 𝑇 could also be included in

the specification without difficulty. We estimate 𝜸 as �̂�, the

solution to a penalized estimating equation with ridge regu-

larization:

𝑛−1
𝑛∑

𝑖=1

𝐙𝜋,𝑖

{
𝑌𝑖 − 𝑔𝜉(𝜸

𝖳𝐙𝜋,𝑖)
}
− 𝜆𝑛𝜸◦ = 𝟎, (7)

where 𝜸◦ = (0, 𝜸𝖳
{−1}

)
𝖳

with 𝜸{−1} being the subvector of 𝜸

that excludes the intercept 𝛾0 and 𝜆𝑛 = 𝑜(𝑛−1∕2) is a tuning

parameter, which allows �̂� to have an 𝑛−1∕2 convergence rate.

In particular, this class of estimators includes ridge estima-

tors for GLMs based on exponential families with canoni-

cal link functions. Ridge regularization is suggested here to

improve finite sample performance but is not essential for

asymptotic properties discussed below. Other regularization

penalties besides the ridge penalty or no regularization can

also be used, as long as �̂� maintains an 𝑛−1∕2 convergence rate.

Using that 𝑌 is MCAR, standard arguments (Web Appendix

A) can be used to show that �̂�
𝑝
→ �̄� where �̄� solves

𝔼
[
𝐙𝜋

{
𝑌 − 𝑔𝜉(𝜸

𝖳𝐙𝜋)
}]

= 𝟎,

with the expectation being taken over the entire population

and not restricted only to the 𝐿 = 1 subpopulation. In partic-

ular, for 𝑌 † = 𝑔𝜉(�̄�
𝖳𝐙𝜋), since 𝐙𝜋 includes 𝑈𝜋 , this implies

𝔼

{
𝐼(𝑇 = 1)𝑌

𝜋(𝐗)
−
𝐼(𝑇 = 0)𝑌

1 − 𝜋(𝐗)

}

= 𝔼

{
𝐼(𝑇 = 1)𝑌 †

𝜋(𝐗)
−
𝐼(𝑇 = 0)𝑌 †

1 − 𝜋(𝐗)

}
. (8)

This suggests that a standard IPW estimator based on the

imputed outcome 𝑌 † has the same asymptotic limit as if the

true outcomes were used, even if imputation model (6) is mis-

specified. Consequently, the surrogate data from 𝒰 could be

safely used to impute the outcome using estimates of these

imputed outcomes 𝑌 †.

Augmentation covariates similar to 𝑈𝜋 have been previ-

ously used, for example, to construct locally semiparametric

efficient doubly-robust estimators (Bang and Robins, 2005;

van der Laan and Rubin, 2006), construct improved locally

efficient doubly-robust estimators with enhanced efficiency

under misspecification (Rotnitzky et al., 2012), and ensure

valid doubly-robust inference (Benkeser et al., 2017). Our

work follows these previous works in leveraging augmenta-

tion covariates to achieve desired statistical properties. In our

case, 𝑈𝜋 is used to ensure robustness of the final estimator to

misspecification of the working imputation model.

In practice, 𝜋(𝐱) also needs to be estimated, which is typ-

ically done through parametric modeling such as logistic

regression. When 𝜋(𝐱) is estimated by an estimator 𝜋(𝐱), the

IPW estimator discussed above will be consistent for Δ if 𝜋(𝐱)

is consistent for 𝜋(𝐱) but otherwise could be biased if the

parametric model for 𝜋(𝐱) is misspecified. Similar arguments
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can be used to construct alternative imputations 𝑌 † that could

be substituted for 𝑌 in an outcome regression estimator and

maintain robustness to misspecification of the imputation

model. However, such an approach would then require cor-

rect specification of the outcome regression model 𝜇𝑘(𝐱) to

be consistent for Δ.

2.4 Doubly-robust IPW based on the
double-index PS

We adopt an IPW estimator for the final estimator but weight-

ing with a double-index PS (DiPS), which is an alternative

method to estimating the PS 𝜋(𝐱) that calibrates an initial

parametric PS estimate to allow prognostic covariates in 𝐗

to inform the PS estimation (Cheng et al., 2019). When 𝑌

is fully observed, this was previously shown to yield a DR

IPW estimator, which is consistent for Δ if a working model

for either 𝜋(𝐱) or 𝜇𝑘(𝐱) is correctly specified. Adoption of

DiPS in the proposed SS estimator also yields a DR estimator,

obviating the need for alternative sets of robust imputations

𝑌 † to accommodate estimation based on correctly specifying

models for 𝜋(𝐱) or 𝜇𝑘(𝐱). Plugging in the DiPS is a natural

approach to achieve double-robustness in this context, as the

rationale for robust imputations from above assumes an IPW

estimator is used for the final estimate following imputation.

Although augmented IPW (AIPW) estimators (Robins et al.,

1994) can also be used to achieve double-robustness, it is not

immediately clear whether the resulting estimator would be

robust to misspecification of imputation model.

In the following, we present the details in estimating DiPS

and then define the final IPW estimator. We postulate the fol-

lowing working parametric models for 𝜋(𝐱) and 𝜇𝑘(𝐱):

𝜋(𝐗) = 𝑔𝜋(𝛼0 + 𝜶𝖳

1
𝐗) = 𝜋(𝐗;𝜶) (9)

𝜇𝑇 (𝐗) = 𝑔𝜇(𝛽0 + 𝜷𝖳

1
𝐗 + 𝛽2𝑇 ) = 𝜇𝑇 (𝐗; 𝜷), (10)

where 𝜶 = (𝛼0,𝜶
𝖳

1
)𝖳, 𝜷 = (𝛽0, 𝜷

𝖳

1
, 𝛽2)

𝖳, and 𝑔𝜋(⋅) and 𝑔𝜇(⋅)

are specified link functions. Interactions between 𝐗 and

𝑇 in the baseline outcome model 𝜇𝑘(𝐱; 𝜷) can also be

accommodated by estimating the DiPS separately by treat-

ment groups (Cheng et al., 2019). To allow for a large

set of covariates, 𝜶 and 𝜷 are estimated using regular-

ized maximum likelihood estimators, for example, as in �̂� =

argmin𝜶{−𝑁
−1∑𝑁

𝑖=1 𝓁𝜋(𝜶;𝐗𝑖, 𝑇𝑖) + 𝑝𝜆𝑁 (𝜶1)} and 𝜷 =

argmin𝜷{−𝑛
−1∑𝑛

𝑖=1 𝓁𝜇(𝜷; 𝑌𝑖,𝐗𝑖, 𝑇𝑖) + 𝑝𝜆𝑛 (𝜷{−1})}, where

𝓁𝜋(𝜶;𝐗𝑖, 𝑇𝑖) and 𝓁𝜇(𝜷; 𝑌𝑖,𝐗𝑖, 𝑇𝑖) are the log-likelihood con-

tributions for the 𝑖th observation, and 𝑝𝜆𝑁 (⋅) and 𝑝𝜆𝑛 (⋅) are

penalty functions chosen such that the oracle properties (Fan

and Li, 2001) hold, such as the adaptive LASSO (ALASSO)

(Zou, 2006). We then calibrate the initial PS estimate 𝜋(𝐱; �̂�)

by the kernel smoothing estimator:

𝜋(𝐱; �̂�1,𝜷1) =
𝑁−1∑𝑁

𝑗=1𝐾ℎ(�̂�𝑗 − �̂�)𝐼(𝑇𝑗 = 1)

𝑁−1
∑𝑁

𝑗=1𝐾ℎ(�̂�𝑗 − �̂�)
,

where �̂�𝑗 = (�̂�1, 𝜷1)
𝖳𝐗𝑗 and �̂� = (�̂�1, 𝜷1)

𝖳𝐱 are bivariate

scores that represent the covariate in the directions of �̂�1 and

𝜷1, 𝐾ℎ(⋅) = ℎ−2𝐾(⋅∕ℎ), with 𝐾(⋅) being a bivariate 𝑞th order

kernel with 𝑞 > 2 and ℎ = 𝑂(𝑁−𝛼) being a bandwidth for

which a suitable choice of 𝛼 is discussed below. The intution is

that smoothing 𝑇 over �̂�
𝖳

1
𝐗 and 𝜷

𝖳

1
𝐗 calibrates 𝜋(𝐱; �̂�) closer

to the true 𝜋(𝐱), incorporating variation in covariates in 𝐗 that

are associated with 𝑌 but may have been selected out in the

initial PS model due to weak association with 𝑇 .

Finally, we define the proposed SS
𝖣𝖱

estimator as Δ̂ = 𝜇1 −

𝜇0, where

𝜇1 =

{
𝑁∑

𝑖=1

𝐼(𝑇𝑖 = 1)

𝜋(𝐗𝑖; �̂�1,𝜷1)

}−1{ 𝑁∑

𝑖=1

𝐼(𝑇𝑖 = 1)𝑌 †
𝑖

𝜋(𝐗𝑖; �̂�1,𝜷1)

}
(11)

and 𝜇0 =

{
𝑁∑

𝑖=1

𝐼(𝑇𝑖 = 0)

1 − 𝜋(𝐗𝑖; �̂�1,𝜷1)

}−1

×

{
𝑁∑

𝑖=1

𝐼(𝑇𝑖 = 0)𝑌 †
𝑖

1 − 𝜋(𝐗𝑖; �̂�1, 𝜷1)

}
, (12)

with 𝑌 †
𝑖
= 𝑔𝜉(�̂�

𝖳
𝐙𝜋,𝑖). The final estimator Δ̂ substitutes the

robust imputations 𝑌 †, based on the PS estimated by the

DiPS, into a standardized IPW estimator weighted also with

the DiPS. We next consider the large-sample properties of

Δ̂, starting with its DR property and its influence function

expansion.

2.5 Consistency and asymptotic linearity of �̂

We show in Web Appendix B that, under the causal identifica-

tion assumptions (2)-(4) and mild regularity conditions, given

that ℎ = 𝑂(𝑁−𝛼) with 𝛼 ∈ (
1−𝛽

2𝑞
,
𝛽

2
∧

1

4
) and 𝑛 = 𝑂(𝑁1−𝛽)

with 𝛽 ∈ (
1

𝑞+1
, 1), Δ̂ is DR so that

Δ̂ − Δ = 𝑂𝑝(𝑛
−1∕2), (13)

when either the PS model 𝜋(𝐱;𝜶) in (9) or the baseline out-

come model 𝜇𝑘(𝐱; 𝜷) in (10) is correctly specified. As this

does not depend on the correct specification of the model for

𝜉𝑘(𝐯), this result also verifies that Δ̂ is robust to misspecifica-

tion of the imputation model. To characterize the large sam-

ple variability of Δ̂, we next show it is asymptotically linear

and identify its influence function. First define Δ̄ = �̄�1 − �̄�0,
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where

�̄�1 = 𝔼

{
𝐼(𝑇 = 1)𝑌 †

𝜋(𝐗; �̄�1, �̄�1)

}
and �̄�0 = 𝔼

{
𝐼(𝑇 = 0)𝑌 †

1 − 𝜋(𝐗; �̄�1, �̄�1)

}
,

with 𝜋(𝐱; �̄�1, �̄�1) = ℙ(𝑇 = 1 ∣ �̄�𝖳

1
𝐗 = �̄�𝖳

1
𝐱, �̄�

𝖳

1
𝐗 = �̄�

𝖳

1
𝐱), �̄�1

and �̄�1 as the probability limits of �̂�1 and 𝜷1 regardless of

model adequacy, and 𝑌 † being defined as in (8) except that

𝜋(𝐱) is replaced by 𝜋(𝐱; �̄�1, �̄�1). We show in Web Appendix

B that, under the same requirements for 𝛼 and 𝛽, the influence

function for Δ̂ is given by the summand of 𝑛1∕2(Δ̂𝑘 − Δ̄𝑘) =

̂1 − ̂0, where ̂𝑘 = 𝑛1∕2(𝜇𝑘 − �̄�𝑘) for 𝑘 = 0, 1 and

̂𝑘 = 𝑛−1∕2
𝑛∑

𝑖=1

(𝐯𝖳
𝜷1,𝑘

+ 𝐮𝖳
𝑝𝑎,𝜋,𝑘

)𝝋𝜷1,𝑖
+ 𝐮𝖳

𝜸,𝑘
𝝋𝜸,𝑖 + 𝑜𝑝(1),

(14)

with 𝐯𝜷1,𝑘
= 𝟎 when the PS model 𝜋(𝐱;𝜶) is correctly spec-

ified and 𝐮𝑝𝑎,𝜋,𝑘 = 𝟎 when either the PS model 𝜋(𝐱;𝜶) or

imputation model 𝑔𝜉(𝜸
𝖳𝐳𝜋)without the utility covariate is cor-

rectly specified. Here 𝝋𝜷1,𝑖
and 𝝋𝜸,𝑖 are influence functions

for 𝜷1 and �̂� such that 𝑛1∕2(𝜷1 − �̄�1) = 𝑛−1∕2
∑𝑛

𝑖=1 𝝋𝜷1,𝑖
+

𝑜𝑝(1) and 𝑛1∕2(�̂� − �̄�) = 𝑛−1∕2
∑𝑛

𝑖=1 𝝋𝜸,𝑖 + 𝑜𝑝(1). Accord-

ingly, the first term in (14) represents the contribution from

estimating 𝜷1 in the baseline outcome model 𝜇𝑘(𝐱;𝜷) for the

double-index PS appearing in the IPW weight and the util-

ity covariate. The remaining term represents the contribu-

tion from estimating 𝜸 in the imputation model 𝑔𝜉(𝜸
𝖳𝐳𝜋). The

influence function does not include terms associated with the

variability in estimating 𝜶 in the parametric PS or for smooth-

ing in the double-index PS, as such contributions to the expan-

sion are of higher order when 𝑁 ≫ 𝑛 in the SS setting.

When the PS model 𝜋(𝐱;𝜶) is correctly specified, the influ-

ence function (14) simplifies to

𝑛1∕2(Δ̂ − Δ) = 𝑛−1∕2
𝑛∑

𝑖=1

(𝐮𝜸,1 − 𝐮𝜸,0)
𝖳𝝋𝜸,𝑖 + 𝑜𝑝(1),

where

𝝋𝜸,𝑖 =
[
𝔼
{
𝐙𝜋,𝑖𝐙𝜋,𝑖�̇�𝜉(�̄�

𝖳𝐙𝜋,𝑖)
}]−1

𝐙𝜋,𝑖

{
𝑌𝑖 − 𝑔𝜉(�̄�

𝖳𝐙𝜋,𝑖)
}
,

for �̇�𝜉(𝑢) =
𝜕

𝜕𝑢
𝑔𝜉(𝑢)|𝑢=𝑢. The centering of 𝑌𝑖 around a model

approximation of 𝜉𝑇 (𝐕) suggests Δ̂ achieves efficiency gain

over complete-case (CC) estimators, which neglect surrogates

𝐖.

2.6 Efficiency considerations

More formally, semiparametric efficiency theory establishes

efficiency bounds for regular estimators of parameters of

interest under specified semiparametric models (Bickel et al.,

1998). Much of existing work involving semiparametric effi-

ciency focus on data with iid observations. However, in our

setup the observations in 𝒟 are not exactly iid as 𝐿 are con-

strained such that
∑𝑁

𝑖=1 𝐿𝑖 = 𝑛 for a fixed 𝑛 and 𝜈𝑛 = 𝑛∕𝑁 →

0 as 𝑛 → ∞. Moreover, because the distribution for the full

data varies with 𝑁 , as 𝜈𝑛 → 0, the very notion of a regular

estimator is not clearly defined in this context. These issues

complicate conventional applications of efficiency theory in

the SS setting.

Let Δ̄∗ = 𝔼{𝜇1(𝐗) − 𝜇0(𝐗)} be strictly a functional of the

observed data distribution not depending on identification

assumptions (2)-(4), as in Δ. Instead of directly calculating

what would be the efficient influence function for Δ̄∗ under

the model for the full data, we take an alternative approach

in which we calculate the efficient influence function for Δ̄∗

under an ideal SS model 𝑆𝑆 for the labeled data ℒ, which

allows the conditional distribution of 𝑌 ∣ 𝐕, 𝑇 to be unre-

stricted but assumes the distribution of (𝐕𝖳, 𝑇 )𝖳 is completely

known. 𝑆𝑆 approximates the SS setting, where the size

of the unlabeled data 𝒰 is much larger than that of ℒ. As

data in ℒ itself are iid with a fixed distribution, restricting

the focus to ℒ avoids the complications described above. We

finally calculate the asymptotic variance of Δ̂ through its asso-

ciated influence function and compare against the efficiency

bound under 𝑆𝑆 to better understand the efficiency of Δ̂ in

context.

Following this approach, we show in Web Appendix C that

the semiparametric efficiency bound for Δ̄∗ under 𝑆𝑆 , with

respect to a class of regular parametric submodels subject to

mild regularity conditions, is 𝔼(𝜑2
eff
), where

𝜑eff = 𝑈𝜋{𝑌 − 𝜉𝑇 (𝐕)} (15)

is the efficient influence function. This efficiency bound is

lower than or equal to the efficiency bound in the fully non-

parametric model where the distribution of (𝑌 ,𝐕𝖳, 𝑇 )𝖳 is

unknown. Furthermore, we show in Web Appendix C that

Δ̂ indeed achieves the SS efficiency bound when both the

PS and imputation model, 𝜋(𝐱;𝜶) and 𝑔𝜉(𝜸
𝖳𝐳𝜋), are cor-

rectly specified so that Δ̂ is locally semiparametric efficient.

Although the distribution of (𝐕𝖳, 𝑇 )𝖳 is actually not known

in our data setup, the bound under the ideal model 𝑆𝑆

can still be achieved because 𝑁 ≫ 𝑛. The correct specifica-

tion of 𝜇𝑘(𝐱;𝜷) is not required for attaining the efficiency

bound, as the bound does not involve 𝜇𝑘(𝐱), but its specifica-

tion is still important for double-robustness in case 𝜋(𝐱;𝜶) is

misspecified.

The local efficiency of Δ̂ may prompt efficiency gains over

nonefficient CC and SS estimators, though other estimators

can also achieve this efficiency bound. For example, we show

in Web Appendix C that a modification of the AIPW estima-

tor from Davidian et al. (2005) also achieves the bound in our

data setting, when its underlying working PS and imputation
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models are correctly specified. However, its efficiency may

still differ with that of Δ̂ under misspecification of the work-

ing imputation model, as we consider in the simulations

below. Beyond these asymptotic properties under ideal condi-

tions, we find through the simulations that Δ̂ can still achieve

substantial efficiency gains over other estimators in finite

samples under misspecified working models. Another issue

related to misspecification is that 𝜇𝑘(𝐱; 𝜷) and 𝑔(𝜸𝖳𝐳𝜋) may

not be compatible with one another if nonlinear models such

as logistic regression are used for either working model. Using

flexible basis expansion functions in 𝑔𝜉(𝜸
𝖳𝐳𝜋) to more closely

approximate 𝜉𝑘(𝐯), as suggested in (6), can mitigate such

incompatibility. We find that exact compatibility of the model

is not a crucial requirement for Δ̂ to exhibit good performance

in practice when the working models are sufficiently flexible.

We next consider inference about Δ through a perturbation

resampling procedure.

2.7 Perturbation resampling

Although the asymptotic variance of Δ̂ can be obtained from

the influence function in (14), a direct estimate is difficult

because it would require estimating complicated functionals

of the data distribution. We instead propose a simple pertur-

bation resampling procedure for inference based on Jin et al.

(2001). Let  = {𝐺𝑖 ∶ 𝑖 = 1,… , 𝑁} be nonnegative iid ran-

dom variables with unit mean and variance that are indepen-

dent of the observed data 𝒟. We first obtained perturbed esti-

mators of 𝜶 and 𝜷:

�̂�
∗
= argmin

𝜶

{
−𝑛−1

𝑛∑

𝑖=1

𝓁𝜋(𝜶;𝐗𝑖, 𝑇𝑖)𝐺𝑖 + 𝑝∗
𝜆𝑁

(𝜶1)

}

𝜷
∗
= argmin

𝜷

{
−𝑛−1

𝑛∑

𝑖=1

𝓁𝜇(𝜷; 𝑌𝑖,𝐗𝑖, 𝑇𝑖)𝐺𝑖 + 𝑝∗
𝜆𝑛
(𝜷{−1})

}
,

where 𝑝∗
𝜆𝑁

(⋅) and 𝑝∗
𝜆𝑛
(⋅) are the corresponding penalties based

weights estimated by the same perturbation procedure if data-

adaptive weights are used, as in ALASSO. This leads to the

perturbed DiPS estimate:

𝜋∗
1
(𝐱; �̂�

∗
1
, 𝜷

∗

1
) =

∑𝑁
𝑗=1𝐾ℎ(�̂�

∗
𝑗
− �̂�∗)𝐼(𝑇𝑗 = 1)𝐺𝑗

∑𝑁
𝑗=1𝐾ℎ(�̂�

∗
𝑗
− �̂�∗)𝐺𝑗

,

where �̂�𝑗 = (�̂�
∗
1
, 𝜷

∗

1
)𝖳𝐗𝑗 and �̂�∗ = (�̂�

∗
1
, 𝜷

∗

1
)𝖳𝐱 are the per-

turbed bivariate scores. We then obtain the perturbed estima-

tor �̂�
∗

as the solution to

𝑛−1
𝑛∑

𝑖=1

𝐙𝜋∗,𝑖

{
𝑌𝑖 − 𝑔𝜉(𝜸

𝖳𝐙𝜋∗,𝑖)
}
𝐺𝑖 + 𝜆𝑛𝜸{−1} = 𝟎,

where 𝜋∗ specifies that the imputations use utility covariates

that plug in 𝜋∗(𝐱; �̂�
∗
1
, 𝜷

∗

1
). Finally, we calculate the perturbed

SS
𝖣𝖱

estimator as Δ̂∗ = 𝜇∗
1
− 𝜇∗

0
, where

𝜇∗
1
=

{
𝑁∑

𝑖=1

𝐼(𝑇𝑖 = 1)𝐺𝑖

𝜋(𝐗𝑖; �̂�
∗
1
, 𝜷

∗

1
)

}−1{ 𝑁∑

𝑖=1

𝐼(𝑇𝑖 = 1)𝑌 ∗
𝑖
𝐺𝑖

𝜋(𝐗𝑖; �̂�
∗
1
,𝜷

∗

1
)

}

and 𝜇∗
0
=

{
𝑁∑

𝑖=1

𝐼(𝑇𝑖 = 0)𝐺𝑖

1 − 𝜋(𝐗𝑖; �̂�
∗
1
, 𝜷

∗

1
)

}−1

×

{
𝑁∑

𝑖=0

𝐼(𝑇𝑖 = 0)𝑌 ∗
𝑖
𝐺𝑖

1 − 𝜋(𝐗𝑖; �̂�
∗
1
,𝜷

∗

1
)

}
,

with 𝑌 ∗
𝑖
= 𝑔𝜉(�̂�

∗𝖳
𝐙𝜋∗,𝑖). It can be shown using arguments

from Jin et al. (2001) that the asymptotic distribution of

𝑛1∕2(Δ̂ − Δ̄) coincides with that of 𝑛1∕2(Δ̂∗ − Δ̂) ∣ 𝒟. In this

scheme, estimation of the initial PS model coefficients �̂�
∗
, the

DiPS 𝜋∗(𝐱; �̂�
∗
1
, 𝜷

∗

1
), and the final IPW estimators 𝜇∗

1
and 𝜇∗

0

does not technically need to be perturbed as they are estimated

based on data from𝒰. Consequently, their contributions to the

asymptotic variance is of higher order when 𝑁 ≫ 𝑛. How-

ever, we found that not perturbing these steps can have some

impact on the standard error estimation in finite samples if 𝑁

is not yet very large relative to 𝑛 and perturbed these steps by

default. We approximate the standard error of Δ̂ based on the

empirical standard deviation, or, as a robust alternative, the

mean absolute deviation (MAD), of a large number of sam-

ples of Δ̂∗ and construct confidence intervals (CI) based on

the empirical percentiles.

3 SIMULATIONS

We assessed through simulations the finite samples bias, stan-

dard error (SE), root mean square error (RMSE), and rela-

tive efficiency (RE) of our proposed estimator (SS
𝖣𝖱

) com-

pared to alternative estimators. In separate simulations we

also examined the performance of the perturbation proce-

dure for inference based on SS
𝖣𝖱

. For SS
𝖣𝖱

, we specified

𝐡(⋅) in the imputation model in (6) as natural cubic splines

with six knots specified at uniform quantiles. Ridge regres-

sion with the tuning parameter chosen by cross-validation on

the deviance was used for regularization in (7). Although it

is unclear whether cross-validation for choosing the tuning

parameter satisfies with high probability the 𝜆𝑛 = 𝑜(𝑛−1∕2)

condition, we found that it leads to good performance in

finite samples and that the simulation results were not sen-

sitive to the choice of the tuning parameter (Web Appendix

D). ALASSO with initial weights estimated by ridge regres-

sion and tuning parameter chosen by minimizing a modified

BIC criteria (Minnier et al., 2011) was used for estimating �̂�
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and 𝜷. A plug-in estimate was used for the bandwidth in the

smoothing for the double-index PS (Cheng et al., 2019). Prior

to smoothing, the components of �̂� were standardized and

transformed by a probability integral transform based on the

normal cumulative distribution function to induce approxi-

mately uniformly distributed inputs, which can improve finite-

sample performance (Wand et al., 1991). As we focused on

binary outcomes, we specified logistic link functions 𝑔𝜉(𝑢) =

𝑔𝜋(𝑢) = 𝑔𝜇(𝑢) = 1∕(1 + 𝑒−𝑢) for the working models in (6)

and (10).

For comparison, we considered the standard complete-case

AIPW estimator (Lunceford and Davidian, 2004) based on ℒ

only (CC
𝖠𝖨𝖯𝖶

). We also considered the estimator from David-

ian et al. (2005), which we adapted to our setting by replacing

instances of the treatment randomization probability with PS

estimates 𝜋(𝐗𝑖; �̂�) (SS
𝖠𝖨𝖯𝖶

). SS
𝖠𝖨𝖯𝖶

also leverages the surro-

gate data in 𝒰 alongside labeled data ℒ to facilitate estima-

tion of the ATE and is locally efficient, as discussed in Sec-

tion 2.6. It is also DR in that it is consistent for Δ if either

the PS model 𝜋(𝐱;𝜶) or outcome regression model 𝜇𝑘(𝐱; 𝜷)

is correctly specified.

To mimic the EHR data, we considered the case with 𝑌

as binary and 𝐖 as count variables. In all scenarios, data

were generated according to 𝐗 ∼ 𝑁{𝟎, 𝜎2𝑥(1 − 𝜌𝑥)𝐈 + 𝜎2𝑥𝜌𝑥},

𝑇 ∣ 𝐗 ∼ Bernoulli{𝜋(𝐗)}, 𝑌 ∣ 𝐗, 𝑇 ∼ Bernoulli{𝜇𝑇 (𝐗)},

and 𝐖 = ⌊�(1,𝐗𝖳, 𝑇 , 𝑌 )𝖳 + 𝝐⌋, where 𝝐 ∼ 𝑁{𝟎, 𝜎2𝑤(1 −

𝜌𝑤)𝐈 + 𝜎2𝑤𝜌𝑤} and ⌊⋅⌋ is the floor function. Initially we

considered simulating data that roughly resembled the EHR

data example in terms of model parameters but were simple

enough to be more broadly relevant. To this end, we consid-

ered 𝑝𝑥 = 10 baseline covariates and 𝑝𝑤 = 5 surrogates, with

variances and correlations 𝜎2𝑥 = 1, 𝜌𝑥 = .2, 𝜎2𝑤 = 5, 𝜌𝑤 = .2,

and �5×13 = (𝟎5×1, .1𝟏5×5,−.1𝟏5×5, .1𝟏5×1, 𝐠). These sim-

ulations were varied over different model specifications,

predictive strength of surrogates 𝐖, and sample sizes. The

imputation model 𝜉(𝐯; 𝜸) was misspecified throughout,

and either the PS model 𝜋(𝐱;𝜶) or baseline outcome model

𝜇𝑘(𝐱; 𝜷) were potentially misspecified by setting the true 𝜋(𝐱)

and 𝜇𝑘(𝐱) to be double-index models that allow for pairwise

interactions:

(1) Both correct: 𝜇𝑘(𝐱) = 𝑔𝜇(𝛽0 + 𝜷𝖳

1
𝐱 + 𝛽2𝑘),

𝜋(𝐱) = 𝑔𝜋(𝛼0 + 𝜶𝖳

1
𝐱)

(2)Misspecified𝜇:𝜇𝑘(𝐱) = 𝑔𝜇

{
𝛽0 + 𝜷𝖳

1[1]
𝐱(𝜷𝖳

1[2]
𝐱+1)+ 𝛽2𝑘

}
,

𝜋(𝐱) = 𝑔𝜋(𝛼0 + 𝜶𝖳

1
𝐱)

(3) Misspecified𝜋: 𝜇𝑘(𝐱) = 𝑔𝜇(𝛽0 + 𝜷𝖳

1
𝐱 + 𝛽2𝑘),

𝜋(𝐱) = 𝑔𝜋

{
𝛼0 + 𝜶𝖳

1[1]
𝐱(𝜶𝖳

1[2]
𝐱 + 1)

}
,

F I G U R E 1 Root mean square error (RMSE) of CC
𝖠𝖨𝖯𝖶

, SS
𝖠𝖨𝖯𝖶

,

and SS
𝖣𝖱

by strength of the surrogates 𝐖 (Mild, Moderate, Strong) over

different sample sizes

where 𝑔𝜇(𝑢) = 𝑔𝜋(𝑢) = 1∕(1 + 𝑒−𝑢) and parameter values

were

𝛼0 = −.3, 𝜶1 = .35𝟏1×10, 𝛽0 = −.65,

𝜷1 = (1𝟏1×3, .5𝟏1×3,−1.15,−1𝟏1×3)
𝖳

𝜶1[1] = .5(0, .35, 0, .35, 0, .35, 0, .35, 0, .35)𝖳,

𝜶1[2] = (.35, 0, .35, 0, .35, 0, .35, 0, .35, 0)𝖳

𝜷1[1] = .5(1, 0, 1, 0, .5, 0,−.5, 0,−1, 0)𝖳,

𝜷1[2] = (0, .5, 0, .5, 0, .5, 0, .5, 0, .5)𝖳.

We considered (2.1, 2.1, 1, 0, 0)𝖳, (5, 5, 2.5, 0, 0)𝖳, and

(15, 10, 5, 2.5, 0)𝖳 for 𝐠 to model cases where 𝐖 has mild,

moderate, and strong predictive strength, respectively. The

outcome prevalence was approximately 45% in all scenar-

ios, and the treatment prevalence was also 45%, except in

the misspecified 𝜋 scenario where it was approximately

53%. Sample sizes were varied over 𝑛 = 100, 250, 500 and

𝑁 = 500, 1000, 5000, 10 000 in a factorial design to show

separate effects of increasing 𝑛 and 𝑁 . To more closely

approximate the data in the EHR data application, in a

separate simulation, we generated data under the “both

correct” setting using coefficient estimates from fitting

corresponding working models in the EHR data as the values

set for 𝜶, 𝜷,�. For these simulations, we only considered

the size 𝑛 = 100, 𝑁 = 1000. The results in each scenario are

summarized from 1000 simulated datasets.

Table 1 presents the bias, SE, and RMSE across mis-

specification scenarios with 𝐖 at moderate strength. SS
𝖣𝖱

,

SS
𝖠𝖨𝖯𝖶

, and CC
𝖠𝖨𝖯𝖶

exhibits low bias that diminishes to zero

as sample size increased under all three scenarios, verifying

their double-robustness. Decreases in bias for SS
𝖣𝖱

appears to

be largely driven by increasing 𝑛. Figure 1 presents the RE

under the correctly specified scenario varying the strength of
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T A B L E 1 Bias, SE, and RMSE of estimators under different model misspecification scenarios over 1000 simulated datasets

Both Correct Misspecified 𝝁 Misspecified 𝝅

𝒏 𝑵 Estimator Bias SE RMSE Bias SE RMSE Bias SE RMSE

100 1000 CC
𝖠𝖨𝖯𝖶

−0.001 0.140 0.140 −0.003 0.176 0.176 0.002 0.088 0.088

100 1000 SS
𝖠𝖨𝖯𝖶

−0.006 0.099 0.099 −0.009 0.110 0.110 −0.003 0.058 0.058

100 1000 SS
𝖣𝖱

−0.007 0.055 0.056 −0.016 0.061 0.063 −0.008 0.046 0.047

100 10 000 CC
𝖠𝖨𝖯𝖶

0.005 0.127 0.127 0.008 0.172 0.172 0.001 0.083 0.083

100 10 000 SS
𝖠𝖨𝖯𝖶

−0.003 0.076 0.076 −0.003 0.113 0.113 −0.005 0.053 0.053

100 10 000 SS
𝖣𝖱

−0.005 0.049 0.049 −0.014 0.056 0.058 −0.009 0.040 0.042

500 1000 CC
𝖠𝖨𝖯𝖶

−0.002 0.063 0.063 −0.000 0.083 0.083 0.001 0.034 0.034

500 1000 SS
𝖠𝖨𝖯𝖶

−0.003 0.052 0.052 −0.001 0.072 0.072 −0.000 0.029 0.029

500 1000 SS
𝖣𝖱

−0.003 0.034 0.034 −0.002 0.044 0.044 −0.003 0.027 0.028

500 10 000 CC
𝖠𝖨𝖯𝖶

−0.002 0.059 0.059 0.002 0.081 0.081 −0.000 0.035 0.035

500 10 000 SS
𝖠𝖨𝖯𝖶

−0.002 0.041 0.041 −0.001 0.048 0.048 −0.001 0.023 0.023

500 10 000 SS
𝖣𝖱

−0.003 0.026 0.026 −0.002 0.033 0.033 −0.004 0.020 0.020

association between 𝐖 and 𝑌 . Generally, SS
𝖣𝖱

uniformly

achieves the lowest RMSE for a given 𝑛. Increasing 𝑁 while

fixing 𝑛 improves the RMSE for SS
𝖣𝖱

and SS
𝖠𝖨𝖯𝖶

, but the

improvements are limited by 𝑛, which drives the asymptotic

variance in the SS regime as shown in the asymptotic analy-

sis. The benefit of additional unlabeled data varies with the

strength of 𝐖. The RMSE for SS
𝖣𝖱

does not improve much

with larger 𝑁 for a fixed 𝑛 when 𝐖 is weakly correlated with

𝑌 but improves greatly when 𝐖 are strongly correlated.

Figure 2 presents the RE of various estimators relative

to SS
𝖣𝖱

across misspecification scenarios with moderate 𝐖.

SS
𝖣𝖱

is more efficient than both CC
𝖠𝖨𝖯𝖶

and SS
𝖠𝖨𝖯𝖶

across

misspecification settings and sample sizes. It gains over

CC
𝖠𝖨𝖯𝖶

as it makes use of the unlabeled data 𝒰. The gains

over SS
𝖠𝖨𝖯𝖶

suggest that SS
𝖣𝖱

can be more efficient under

misspecification of the working imputation model. In other

simulations not presented we found that SS
𝖣𝖱

has similar

efficiency with SS
𝖠𝖨𝖯𝖶

under a correctly specified imputa-

tion model, as expected since both are locally efficient. SS
𝖣𝖱

may also achieve efficiency gains relative to other estimators

involving PS weighting in finite samples when the true PS

are more extreme. The calibrated estimate 𝜋(𝐱; �̂�1, 𝜷1) used

in SS
𝖣𝖱

pulls estimates of the PS away from 0 or 1, which can

lead to more stable final estimates when 𝜋(𝐱; �̂�1,𝜷1) is used

in reweighting. Finally, SS
𝖣𝖱

may exhibit some efficiency

gains over SS
𝖠𝖨𝖯𝖶

in finite samples from using regularization

for estimating the nuisance parameters, whereas SS
𝖠𝖨𝖯𝖶

uses

unregularized maximum likelihood estimators in our imple-

mentation. In the data application scenario, SS
𝖣𝖱

was signif-

icantly more efficient, having an RMSE of .03 compared to

.15 and .12 for CC
𝖠𝖨𝖯𝖶

and SS
𝖠𝖨𝖯𝖶

, suggesting the strength of

surrogates are strong in the EHR data.

To implement the perturbation procedure, we used the

weights 𝐺𝑖 ∼ 4 × Beta(.5, 1.5) and 1000 sets of  for SE and

CI estimation. We considered evaluating the perturbations

only in the scenario where both 𝜇𝑘(𝐱; 𝜷) and 𝜋(𝐱;𝜶) were cor-

rectly specified and 𝐖 had moderate predictive strength. The

results are presented in Table 2. In both small and large sam-

ples, the SEs estimated by the standard deviation and by MAD

approximated well the empirical standard error. The cover-

age of the percentiles were also close to nominal levels, albeit

slightly conservative. Results from four of the simulation iter-

ations for when 𝑛 = 100, 𝑁 = 1000 and from eight of the iter-

ations when 𝑛 = 250, 𝑁 = 5000 were omitted as the simula-

tions timed out from prolonged computational time.

4 EHR DATA APPLICATION

We applied SS
𝖣𝖱

and the alternative estimators to compare

the rates of treatment response to two biologic agents for

treating inflammatory bowel disease (IBD) using the EMRs

from Partners’ Healthcare. Though the efficacy and effec-

tiveness of adalimumab (ADA) and infliximab (IFX) for the

management of IBD have been established individually, few

studies have offered a direct comparison. Consequently, the

choice of treatment in practice is often influenced by fac-

tors other than comparative performance (Ananthakrishnan

et al., 2016). Randomized trials may be unfeasible due to

the large number of patients that would be needed to detect

the presumed small treatment difference, and other observa-

tional data lack detailed clinical information needed to ascer-

tain meaningful outcomes. EHRs are thus uniquely positioned

to provide evidence on the comparative effectiveness of these

two therapies.

The data we considered consisted of 𝑁 = 1243 total IBD

patients, including 200 who initiated treatment with ADA and

1043 with IFX. Through chart review by a gastroenterologist,

a random subset of 𝑛 = 117 records were labeled with the

true treatment response status (responder vs nonresponder)
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F I G U R E 2 RE of estimators, defined as the ratio of mean square errors (MSE) relative to SS
𝖣𝖱

, by model misspecification scenarios for

different sample sizes over 1000 simulated datasets. Higher values of RE denotes greater efficiency (lower MSE) relative to SS
𝖣𝖱

T A B L E 2 Performance of perturbation resampling for SS
𝖣𝖱

in 1000 simulated datasets when both 𝜇𝑘(𝐱; 𝜷) and 𝜋(𝐱;𝜶) are correctly specified

Size Bias Emp SE ASE ASEMAD RMSE Coverage

𝑛 = 100, 𝑁 = 1000 −0.002 0.055 0.052 0.052 0.055 0.963

𝑛 = 250, 𝑁 = 5000 −0.002 0.034 0.034 0.034 0.034 0.963

Abbreviations: ASE: average of estimated SE based on the standard deviation of perturbed estimates; ASEMAD: average of SE based on MAD of perturbed estimates;

Coverage: coverage of 95% percentile CIs; RMSE: root-mean square error; SE: empirical SE of SS
𝖣𝖱

over simulated datasets.

within 1 year of treatment initiation. We included 12 baseline

covariates to adjust for confounding in 𝐗, including demo-

graphics, comorbidities, prior utilization, and inflammation

biomarker levels. We also selected 35 post-treatment surro-

gates for 𝐖, comprising counts of NLP mentions of clinically

relevant terms (eg, “bleeding,” “fistula,” and “tenesmus”)

within 1 year of initiation. The transformation 𝑢 → log(1 + 𝑢)

was applied to all count variables in 𝐕 to mitigate instability

in the estimation due to skewness in their distributions.

Nonparametric bootstrap was used to estimate SEs and CIs

for the alternative estimators and perturbation for SS
𝖣𝖱

, using

the MAD of resampled estimates as an robust estimator of the

SEs. In addition we calculated two-sided P-values based on

inverting percentile CIs from the resampled estimates, using

the equivalence between significance tests and confidence

sets (Liu and Singh, 1997).

As shown in Table 3, the point estimates generally indi-

cate that patients receiving ADA experienced lower rates of

T A B L E 3 Point and SE estimates based on MAD for the ATE of

ADA versus IFX, with respect to 1-year treatment response rate, among

IBD patients in EMR data based on various methods, including the

naive CC estimator (CC
𝖭𝖺𝗂𝗏𝖾

) that completely ignores confounding bias

Estimator Estimate SE 95% CI (Pct) P-value

CC
𝖭𝖺𝗂𝗏𝖾

0.014 0.099 (−0.201, 0.177) 0.822

CC
𝖠𝖨𝖯𝖶

−0.125 0.153 (−0.416, 0.164) 0.592

SS
𝖠𝖨𝖯𝖶

0.033 0.109 (−0.265, 0.180) 0.778

SS
𝖣𝖱

−0.067 0.036 (−0.164, −0.002) 0.044

Note. 95% CIs are percentile-based CIs from resampling and P-values are for test-

ing 𝐻0 ∶ Δ = 0 based on inverting percentile CIs.

treatment response, after adjustment for confounding. SS
𝖣𝖱

is

estimated to achieve more than 600% efficiency gain over CC

estimators and 450% efficiency gain over the other SS estima-

tors based on the estimated variances. It is the only estimator

that exhibits a difference that is significant at the .05 level,
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suggesting that patients receiving IFX experience a slightly

higher rate of response to treatment.

5 DISCUSSION

This paper developed a robust and efficient estimator for

the ATE in an SS setting where the true outcome is labeled

for a vanishingly small proportion of the entire set of obser-

vations. The estimator adopts an imputation approach to

leverage surrogate data from 𝒰 to improve efficiency that

is robust to misspecification of the imputation model. It

is DR, locally semiparametric efficient under an ideal SS

semiparametric model, and demonstrated to be more efficient

than CC and other estimators that leverage 𝒰 in finite

samples.

We have assumed that the true outcomes 𝑌 are labeled

completely at random, which may be reasonable if investiga-

tors control the labeling. But this assumption could be restric-

tive if labeling was stratified by some known factors or if

some records that are available were not labeled for research

purposes. One possible approach to address the case where

𝑌 are missing at random is to apply weighting or semipara-

metric efficient methods (Robins et al., 1994) to the estimat-

ing equation when estimating 𝜸 in (7). Other refinements to

our proposed approach are possible. For example, in the case

where 𝐖 is high dimensional, the group LASSO (Yuan and

Lin, 2006), where the basis expansion functions for each sur-

rogate variable are grouped together, can also potentially be

used to improve efficiency in finite-samples. It would also be

of interest to extend the theoretical results to the case where

𝑝𝑥 and 𝑝𝑤 are allowed to diverge with 𝑛.
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